Consuming and Persistent Types for Classical Logic

Delia KESNER ! Pierre VIAL?

1IRIF, Université de Paris and Institut Universitaire de France

2Gallinette Team
LS2N (Inria CNRS)

June 16, 2020

de Paris EN INFORMATIOUE DE NANTES

FONDAMENTALE

. g r | l. | |: 7 g @ LABORATOIRE
W Yoiversite  ww  fpoin 2N G
. \\W)‘//

INVENTEURS DU MONDE NUMERIQUE

Exact bounds in Ap D. Kesner - P. Vial 1 /22



SUMMARY

Intersection types (Coppo-Dezani 80)

t typable iff ¢ terminates

Ly i.e. typability charac. termination

non-idempotency (Gardner 94 - Carvalho 07)

~ - quantitative info. (upper bounds)
- simple proofs of termin.

Exact bounds in Ap D. Kesner - P. Vial 2 /22



SUMMARY

Intersection types (Coppo-Dezani 80)

t typable iff ¢ terminates

Ly i.e. typability charac. termination

non-idempotency (Gardner 94 - Carvalho 07)

~ - quantitative info. (upper bounds)
- simple proofs of termin.

Exact measures
~ eval. length + size of the n.f.
Bernadet-Lengrand’11l & Accattoli-K-L’18

Exact bounds in Ap D. Kesner - P. Vial 2 /22



SUMMARY

The Ap-calculus (Parigot 92)

Intersection types (Coppo-Dezani 80)

@ computational interpretation of t typable iff ¢ terminates
classical natural deduction. Ly i.e. typability charac. termination
~» control op., backtracking

non-idempotency (Gardner 94 - Carvalho 07)

@ fB-red. + p-red. ~ - quantitative info. (upper bounds)

@ Judgments of the form: - simple proofs of termin.

1;‘ Ft:U| % Exact measures
v .
types variables — Qtypss co-variables ~» eval. length + size of the n.f.
“names” | Bernadet-Lengrand’ll & Accattoli-K-L’18

Exact bounds in Ap D. Kesner - P. Vial 2 /22



SUMMARY

The Ap-calculus (Parigot 92)

Intersection types (Coppo-Dezani 80)

@ computational interpretation of t typable iff ¢ terminates
classical natural deduction. Ly i.e. typability charac. termination
~> control op., backtracking

non-idempotency (Gardner 94 - Carvalho 07)

@ fB-red. + p-red. ~ - quantitative info. (upper bounds)

@ Judgments of the form: - simple proofs of termin.

1;‘ Ft:U| % Exact measures
v .
types variables — gtypss co-variables ~» eval. length + size of the n.f.
“names” | Bernadet-Lengrand’ll & Accattoli-K-L’18

Non-idempotent intersection types~ exact measures

in intuitionistic functional programming without running programs.

Question: what happens in presence of control operators?

Exact bounds in Ap D. Kesner - P. Vial 2 /22



SUMMARY

The Ap-calculus (Parigot 92)

Intersection types (Coppo-Dezani 80)

@ computational interpretation of t typable iff ¢ terminates
classical natural deduction. Ly i.e. typability charac. termination
~» control op., backtracking

non-idempotency (Gardner 94 - Carvalho 07)

@ fB-red. + p-red. ~ - quantitative info. (upper bounds)

@ Judgments of the form: - simple proofs of termin.

1;‘ Ft:U | % Exact measures
o .
types variables — Qtypss co-variables ~» eval. length + size of the n.f.
“names” | Bernadet-Lengrand’ll & Accattoli-K-L’18

Non-idempotent intersection types~ exact measures

in intuitionistic functional programming without running programs.

Question: what happens in presence of control operators?

A type system such that, for all Au-terms ¢, ¢ evaluates
to normal form ¢’ of size f in ¢ S-steps and m u-steps

if T HE™D U | A

Exact bounds in Ap D. Kesner - P. Vial 2 /22



SUMMARY

The Ap-calculus (Parigot 92)

Intersection types (Coppo-Dezani 80)

@ computational interpretation of t typable iff ¢ terminates
classical natural deduction. Ly i.e. typability charac. termination
~» control op., backtracking

@ B-red. + p-red.

non-idempotency (Gardner 94 - Carvalho 07)
~ - quantitative info. (upper bounds)

@ Judgments of the form: - simple proofs of termin.
THt:U|A Exact measures
i i b ;
types variablesJ Qtypes co-variables ~ eval. length T size Of the nf

« » | Bernadet-Lengrand’11l & Accattoli-K-L’18
names

Non-idempotent intersection types~ exact measures

in intuitionistic functional programming without running programs.

Question: what happens in presence of control operators?

For 3 eval. & normalizations

-head eval. & head norm.

-left.-outer. eval.

A type system such that, for all Au-terms ¢, ¢ evaluates
to normal form ¢’ of size f in ¢ S-steps and m u-steps
if T HE™D U | A

& weak norm.

-max. eval. & strong norm.

[ Parametrized approach
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MAIN INGREDIENTS

e Persistent elements
(remain in the NF)

e Consuming elements
(used during red.)

ex: (A\r.yezrar)az =g yezez
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MAIN INGREDIENTS

e Persistent elements
(remain in the NF)

e Consuming elements
(used during red.)

ex: (A\r.yezrar)az =g yezez

Problem

persistence vs. consumption

does not work naively

(ANexx)I =3 IT =51

is this I persistent

or consuming?

Exact bounds in Ap

ex:

“AT.T: e — @ 0k
“Ax.xT ;@ -+ e illegal
“Az.x : e ok

x:e -~ e-»extity: e 0k

e Explicit persistent arrow: —
(new type constructor)

e One type constant e
(meaning “not applied”)

(may be applied as usual)

(may not be applied)

Solution
use non-idempotent types

~+ linearize terms

lin. = create copies of args. before
they are duplicated
z)[1, 1] —3 II =g I
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MAIN INGREDIENTS

e Persistent elements
(remain in the NF)

e Consuming elements
(used during red.)

ex: (A\r.yezrar)az =g yezez

Problem

persistence vs. consumption

does not work naively

(ANexx)I =3 IT =51

is this I persistent

or consuming?

ex:

e Explicit persistent arrow: —
(new type constructor)
e One type constant e

“AT.T: e — @ 0k
“Ax.xT ;@ -+ e illegal
“Az.x : e ok

x:e -~ e-»extity: e 0k

(meaning “not applied”)

(may be applied as usual)

(may not be applied)

Solution
use non-idempotent types

~+ linearize terms

lin. = create copies of args. before
they are duplicated
ex: (Az.zxx)[I,I] =g II =g I

Dealing with control operators
New case of redex creation

~» “activate” persistent arrows into consuming ones

app. constructors are created by p-red.
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THE LAMBDA-MU CALCULUS

e Intuit. logic + Peirce’s Law ((A — B) - A) — A
gives classical logic.

o Griffin 90: call—cc and Felleisen’s C-operator typable with Peirce’s Law
(A=-B)—A)— A
~» the Curry-Howard iso extends to classical logic

[classical logic]<—>[backtracking]

o Parigot 92: Au-calculus ~
= computational interpretation of classical natural deduction (# Auji)

judgement form: A,A— B+ A | B,C
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PEIRCE’S LAwW IN CLASSICAL NATURAL DEDUCTION

AF A B

(A-B)-AF(A—-B)— A FA— B/A

(A= B)—>AFAA
(A-B)— AL A
F(A—-B)—A) — A

Standard Style
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PEIRCE’S LAwW IN CLASSICAL NATURAL DEDUCTION

AFA|B

— act
AFB|A

(A-B)—>AF(A—B)— A| FA—B|A
(A—-B)—>AFA|A
(A=>B)—> A+ A|

F(A—B)—A) = A|

Focussed Style
In the right hand-side of ' - F'| A

@ 1 active formula F'

@ inactive formulas A
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THE Ap-CALCULUS

e Syntax: A-calculus
+ names «, 8, (store inactive formulas)

z1:Dyy:EF-t:Cla:ApB:B

+ two constructors [a]t (naming) and pa (u-abs.)

de/activation

Typed and untyped version
Simply typable = SN

e call—cc := \y.pa.[ajJy(Az.pB.la]z) : (A— B) - A) — A

[-reduction
+ (pee[Blt)u =y poc[Blt{ua}

where t{u/a}: replace every [a]v in t by [a]vu

p-red: duplication + creation of app.
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CUT-ELIMINATION STEPS (CLASSICAL CASE)

z:AFt:B|A W
—_— abs

Az.r:A— BlA st A
app
(Az.r)s: B|A
As usual. ..
b-step

rules abs + app (i.e. intro + elim)

Exact bounds in Ap D. Kesner -

P. Vial
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CUT-ELIMINATION STEPS (CLASSICAL CASE)

e
— act

A= B|CY si A
B|C

app

p-step
activ. of an arrou type + app

l—which has been deact. before
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CUT-ELIMINATION STEPS (CLASSICAL CASE)

(iel)

_  act
C; |A — B Deactivating

Reactivating C | A= B " 'a
—————ac

A-B ASBICS st A
B[C

app

p-step
activ. of an arrou type + app

l—which has been deact. before

Exact bounds in Ap D. Kesner - P. Vial 8 /22



CUT-ELIMINATION STEPS (CLASSICAL CASE)

e
— act

A= B|CY si A
B|C

app

p-step
activ. of an arrou type + app

l—which has been deact. before

Exact bounds in Ap D. Kesner - P. Vial 8 /22



CUT-ELIMINATION STEPS (CLASSICAL CASE)

A= B|C s A

app
B|C; N
—  act created
B deact./C,l- | B app. rule

C|A—B C|B
—————act

A—)B\Ca s: A B|C
BlC app

p-step
activ. of an arrou type + app

l—which has been deact. before
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CUT-ELIMINATION STEPS (CLASSICAL CASE)

A= B|C s A

(iel)

A—>B|C

' act app
—  act created
B deact./C,l- | B app. rule

cl|B

e
— act

a —act
A— B|C st A B|C
B | C app
p-step @ Duplication of s
activ. of an arrow type + app @ Creation of app-rules
l—which has been deact. before @ B saved instead of A — B
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NON-IDEMPOTENT INTERSECTION (EXAMPLE)
I:=M\y.y

(Az.z(xz))I ->n I(II) »>n IT 5 I
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- blue: persistent
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NON-IDEMPOTENT INTERSECTION (EXAMPLE)

I:=M\y.y
Let us type
(Az.z(xz))I|—n I(II) 5>n IT —n I

not simply typable J L simply typable —J

I:F—F II:F

I(I1): F
Typing I(11)

Principles of intersection types

e Intersection: z: AN B
~ z has types A and B simultaneously

e Non-idem. setting: z: ANBNA

~ x has type A twice and type B once
~ one write z : [A, B, A] (multiset)
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NON-IDEMPOTENT INTERSECTION (EXAMPLE)

I:=M\yy
Let us type
(Az.z(xz))I|—n I(II) 5>n IT —n I

not simply typable — L simply typable —J
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~~ r placeholder for I

I(I1): F
Typing I(11)
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r: F—F zx: F
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Let us type
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multiset <« inter.

I:F—F II:F
Environment:
z:[F—=F,F]+... I(I1): F
( Typing I(11)
z: F—>F x:F
z: FF—F zx: F

z(zz): F

Exact bounds in Ap D. Kesner - P. Vial 10 /22



NON-IDEMPOTENT INTERSECTION (EXAMPLE)

I:=M\yy
Let us type
(Az.z(xz))I|—n I(II) 5>n IT —n I
not simply typable — L simply typable —J
I:F—F I:F
I:F—F II:F
Environment:
I(II): F
J Typing I(11)
z: F—=F z:F
z: FF—F zx: F
z(zz): F

Exact bounds in Ap D. Kesner - P. Vial 10 /22



NON-IDEMPOTENT INTERSECTION (EXAMPLE)

I:=M\yy
Let us type
(Az.z(xz))I|—n I(II) 5>n IT —n I
not simply typable — L simply typable —J
I:F—F I:F
I:F—F II:F

Environment:
z:|F—=F, F=F,F|F... I(I1): F

Typing I(11)

Exact bounds in Ap D. Kesner - P. Vial 10 /22



NON-IDEMPOTENT INTERSECTION (EXAMPLE)

I:=M\yy
Let us type
(Az.z(xz))I|—n I(II) 5>n IT —n I
not simply typable — L simply typable —J
I:F—F I:F
I:F—F II:F
Environment:
z:|F—=F, F=F,F|F... I(I1): F
J Typing I(11)
z: F—=F z:F
z: FF—F zx: F
z(zz): F

Aex(zz): | F —-F, F —»F,F]—»F

Exact bounds in Ap D. Kesner - P. Vial 10 /22



NON-IDEMPOTENT INTERSECTION (EXAMPLE)

I:=M\yy
Let us type
(Az.z(xz))I|—n I(II) 5>n IT —n I
not simply typable — L simply typable —J
I:F—F I:F
I:F—F II:F
Environment:
z:|F—=F, F=F,F|F... I(I1): F
J Typing I(11)
z: F—=F z:F
z: FF—F zx: F
z(zz): F

Aex(zz): | F —-F, F —»F,F]—»F

Quantitative information!
z typed twice with F —F
once with F
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I:=M\yy
Let us type
(Az.z(xz))I|—n I(II) 5>n IT —n I

not simply typable — L simply typable —J

I:F—F II:F

I(I1): F
Typing I(11)

z: F—>F x:F
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Subject expansion works
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I:=M\yy
Let us type
(Az.z(xz))I|—n I(II) 5>n IT —n I

not simply typable — L simply typable —J

I:F—F I:F

I:F—F II:F

I(I1): F
Typing I(11)
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NON-IDEMPOTENCY, REDUCTION AND DECREASE

Why do deriv. decrease under eval.?

ax
X Al
ax :

X A1

: . )
z:[A1,A2A 7B 11 11> Iy

FAz.r:[A,A2,A] > B s:Aq s:Asg s: A1
(Az.r)s: B
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NON-IDEMPOTENCY, REDUCTION AND DECREASE

ax
X Al
ax :
X A1
. ax 3 arg. derivs because
N Az x typed 3 times
: . ,
z:[AL,AA 7B 11 II 11
FAz.r:[A,A2,A] > B s:Aq s:Asg s: A1
(Az.r)s: B

Exact bounds in Ap
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r[s/m] :B
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NON-IDEMPOTENCY, REDUCTION AND DECREASE

s: Ay no arg. deriv
has been duplicated
S A1
S A2
rls/x] : B
Exact bounds in Ap D. Kesner - P. Vial
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NON-IDEMPOTENCY, REDUCTION AND DECREASE

s: Ay no arg. deriv
A has been duplicated
S 1
: ~ the deriv. has
decreased in size
rls/x] : B
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r[s/m] :B

Exact bounds in Ap
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NON-IDEMPOTENCY, REDUCTION AND DECREASE

Non-idempotency:

e duplication disallowed

st Ay (w.r.t. derivs)
: : e derivations decrease in size

r[s/m] :B

Exact bounds in Ap D. Kesner - P. Vial 11 /22
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Types: 7,0 u= o | [oliecr—T

@ intersection = multiset of types [o;]icr

@ only on the left-h.s of — (strictness)
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@ intersection = multiset of types [o;]icr

@ only on the left-h.s of — (strictness)

ax sz foiierbt:T

.—;_. abs
z:[rlFx:T Tk Xxt:[oilier =7

I'kHt: [Ui]ie] — T (Fi Fau: Ui)ie]
IF'+ic/Dibtu:r

app

Remark

o Relevant system (no weakening, cf. ax-rule)

e Non-idempotency (o Ao # 0):
in app-rule, pointwise multiset sum e.g.,

(@:lofy: 7))+ (@:[oy7]) =2 :[o,0, 7]y [7]
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SYSTEM Zy (GARDNER 94-DE CARVALHO 07)

Types: 7,0 u= o | [oliecr—T

@ intersection = multiset of types [o;]icr

@ only on the left-h.s of — (strictness)

sz foiierbt:T

TR C ax abs

x: [T} T:T ' MAz.t: [Uz‘}ig]—)T

Pkt:oilier > 7 (TiFw:oi)ier

app
IF'+ic/Dibtu:r
Ezample (arg. typed n times):
z: [o]—=T y:o z:[]—>T x:lo,T,0] =T y:0 yY:T yYy:0
TY:T TY: T TY:T
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SYSTEM Zy (GARDNER 94-DE CARVALHO 07)

Types: 7,0 u= o | [oliecr—T

@ intersection = multiset of types [o;]icr

@ only on the left-h.s of — (strictness)

sz foiierbt:T

- E - ax abs
T [T} T ' Xzt [ai}¢€1—>7'
Pkt:oilier > 7 (TiFw:oi)ier
app
IF'+ic/Dibtu:r
Ezample (arg. typed n times):
z: [o]—=T y:o z:[]—>T x:lo,T,0] =T y:0 yY:T yYy:0
TY:T TY:T TY:T
singleton domain empty domain #domain = 3
~» y typed 1 time ~~ y untyped ~ y typed 3 times
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@ only on the left-h.s of — (strictness)

ax sz foiierbt:T

.—;_. abs
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Types: 7,0 u= o | [oliecr—T

@ intersection = multiset of types [o;]icr

@ only on the left-h.s of — (strictness)

ax sz foiierbt:T

.—;_. abs
z:[rlFx:T Tk Xxt:[oilier =7

Pkt:oilier > 7 (TiFw:oi)ier
IF'+ic/Dibtu:r

app

Head redexes

always typed!

but an arg. may
be typed 0 time

Exact bounds in Ap D. Kesner - P. Vial 12 /22



PROPERTIES OF %) (NON-IDEMPOTENT INTERSECTION)

Quantitative information
@ Subject Reduction (SR)

typing stable under reduction

Head eval. decreases the size of derivations
- size of Il:= number of judg. in II
L) Subject Expansion (SE) - types and judg. are not duplicated!
typing stable under anti-reduction - true whenever the redex is typed

Theorem (de Carvalho)

t 18 Zo-typable
iff head eval. terminates on t
iff 3 a red. path from t to a HNF
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Quantitative information

@ Subject Reduction (SR)

typing stable under reduction

Head eval. decreases the size of derivations
- size of Il:= number of judg. in II
L) [Subject Expansion (SE)] - types and judg. are not duplicated!
typing stable under anti-reduction - true whenever the redex is typed

A
- Specific to non-idempotent inter.
specific to intersection types

Theorem (de Carvalho)

t 18 Zo-typable
iff head eval. terminates on t

iff 3 a red. path from t to a HNF

typing HNFs
+ SE

3 red. path
to a HNF

Upper bounds:

QR if II>T ¢ 7, then|sz(II) > ¢ + f|where

Hdecrease . ¢ £ Xay ... xp.xty Ty (length to HNF)

f=p+ta+1 (size of HNF)
Head eval. |
ont

t is typable

obvious

Exact bounds in Ap D. Kesner - P. Vial 13 /22



PROPERTIES OF %) (NON-IDEMPOTENT INTERSECTION)

Quantitative information

@ Subject Reduction (SR)

typing stable under reduction

Head eval. decreases the size of derivations
- size of Il:= number of judg. in II
L) [Subject Expansion (SE)] - types and judg. are not duplicated!
typing stable under anti-reduction - true whenever the redex is typed

A
- Specific to non-idempotent inter.
specific to intersection types

Theorem (de Carvalho)

t 18 Zo-typable
iff head eval. terminates on t

iff 3 a red. path from t to a HNF

Upper bounds:

if II>T ¢ 7, then|sz(II) > ¢ + f|where

~t—>fl)\xl...xp4xt1... q ength to HNF')
f=p+q+1 (size of HNF)

Equality when Il “minimal” in some
sense
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Intersection: 7,7 := [Uklkek U,V =: (ok)rex: Union

U, Uzl y:[VIFL: U a:(o1,02),8: (T1,72,73)

Features and properties

Syntax-direction, relevance, multiplicative rules, accumulation of typing
information.

[ca_u—cc [[[A]=B]—=A] — (A, A) vs. ((A— B) - A) — A]

app-rule based upon the admissible rule of ND:

A1—>Bl\/...\/Ak—>Bk Al/\.../\Ak

By V...V Bg
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Intersection: 7,7 := [Uklkek U,V =: (ok)rex: Union

U, Us); y: [VIFt: U | a: (o1,02),8: (T1,7T2,T3)

Features and properties

Syntax-direction, relevance, multiplicative rules, accumulation of typing
information.

[ca_u—cc [[[A]=B]—=A4] — (A, A) vs. ((A— B) - A) — A]

Problem

p-red. may increase
the number of nodes!
because of app. rule creation
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NON-IDEMPOTENT TYPING FOR Ap

Intersection: 7,7 := [Uklkek U,V =: (ok)rex: Union

U, Us); y: [VIFt: U | a: (o1,02),8: (T1,7T2,T3)

Features and properties

Syntax-direction, relevance, multiplicative rules, accumulation of typing
information.

[ca_u—cc [[[A]=B]—=A] — (A, A) vs. ((A— B) - A) — A]
Problem Solution
[L-I“ed. may increase Take into account. ..
the number of nodes! e multiplicity of unions (~ no increase)
because of app. rule creation e arities of saved functions (~ decrease)

FSCD’17 (Kesner-V.)

Quantitative characterization of
HN and SN in Ay
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PLan

© CAPTURING EXACT MEASURES (LENGTH + NORMAL FORM)
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TOWARD EXACT TYPING

e Persistent elements
(remain in the NF)

e Consuming elements
(used during eval.)

ex: (A\z.yazrer)az —g yazaz
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TOWARD EXACT TYPING

e Persistent elements
(remain in the NF)
e Consuming elements

(used during eval.)

ex: (A\z.yazrer)az —g yazaz

e Explicit persistent arrow: -
(new type constructor)
e One type constant: e
(meaning “not applied”)
e Help define exact types

designed to capture exact measures

(Types)
(Exact types)

L4 | [Ui]ieI%T | [Ui]z‘ez - T
o|[o]~Ex

T'kt: 7 exact when 7 exact & only exact types in T’

z:[o}%[o]ﬁeoax uy:e

app
zul:[e]»e

TUI UL ®
AT.TUL U ;@

Ayr.xuiug ;e

Exact bounds in Ap
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(remain in the NF) e One type constant: e
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(used during eval.) e Help define exact types
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° | [Ui]ieI%T| [Ui]z‘ez - T
]
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e Explicit persistent arrow: -
e Persistent elements (new type constructor)
(remain in the NF) e One type constant: e
e Consuming elements (meaning “not applied”)
(used during eval.) e Help define exact types
ex: (Az.yazar)az — yazaz designed to capture exact measures
(Types) o,7 u= e|[oilier =7 |[oilier»T

(Exact types) Ex

|[e]+Ex

T'kt: 7 exact when 7 exact & only exact types in T’

ax Inductive hypothesis
z:[e]~[0]»e uy:e u1 and ug typed with e
app
zul:[e]»e ug ;e
app
Tulug ;e
Azl ug ;e Special abs-rule
B — for Az not going to be used
Ayr.xuiug ;e
Exact bounds in Ap D. Kesner - P. Vial
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TOWARD EXACT TYPING

e Persistent elements
(remain in the NF)
e Consuming elements

(used during eval.)

ex: (A\z.yazrer)az —g yazaz

e Explicit persistent arrow: -
(new type constructor)
e One type constant: e
(meaning “not applied”)
e Help define exact types

designed to capture exact measures

(Types)
(Exact types)

L4 | [Ui]ieI%T | [Ui]z‘ez - T
o|[o]~Ex

T'kt: 7 exact when 7 exact & only exact types in T’

z:[o}%[o]ﬁeoax uy:e

app
zul:[e]»e

TUI UL ®
AT.TUL U ;@

Ayr.xuiug ;e

Exact bounds in Ap
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TOWARD EXACT TYPING

e Explicit persistent arrow: -
e Persistent elements (new type constructor)
(remain in the NF) e One type constant: e
e Consuming elements (meaning “not applied”)
(used during eval.) e Help define exact types
ex: (Az.yazar)az — yazaz designed to capture exact measures
(Types) o, T u=

° | [Ui]ieI%T| [Ui]z‘ez - T
|

(Exact types) Ex [®]—+ Ex |[«—

T'kt: 7 exact when 7 exact & only exact types in [

e Works for leftmost-outermost eval.

- . . ¥ (computes the full NF)
z:[e]»[e]»e up:e
app
zul:[e]»e ug ;e
app
TuL U2 : e

AT.TUL U ;@

Ayr.xuiug ;e
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e Persistent elements (new type constructor)
(remain in the NF) e One type constant: e
e Consuming elements (meaning “not applied”)
(used during eval.) e Help define exact types
ex: (Az.yazar)az — yazaz designed to capture exact measures
(Types) o, T u=

° | [Ui]ieI%T| [Ui]z‘ez - T
|

(Exact types) Ex [®]—+ Ex |[«—

T'kt: 7 exact when 7 exact & only exact types in [

e Works for leftmost-outermost eval.

ﬁ ax (computes the full NF)
z:[e]»[e]»e ujp e
1 app e For head eval., head args must be untyped
xulz[o]—HO ug . e
app
TULUL @
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TOWARD EXACT TYPING

e Explicit persistent arrow: -

e Persistent elements (new type constructor)

(remain in the NF) e One type constant: e

e Consuming elements (meaning “not applied”)

(used during eval.) e Help define exact types
ex: (Az.yazar)az — yazaz designed to capture exact measures
(Types) o7 u= elloiicr =7 |[oilicr#T
(Exact types) Ex = e |:]<—

T'kt: 7 exact when 7 exact & only exact types in [

e Works for leftmost-outermost eval.
ax

[o] [o] (computes the full NF)
r:[e]»[e]»e uy e
! app e For head eval., head args must be untyped
Ul - [0] -+ o ug e ~» exact types must be redefined
app

TUL U ;e

AT.TUL U ;@
Ayr.xuiug ;e
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e Works for leftmost-outermost eval.

(computes the full NF)
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TOWARD EXACT TYPING

e Persistent elements
(remain in the NF)
e Consuming elements

(used during eval.)

ex: (A\z.yazrer)az —g yazaz

e Explicit persistent arrow: -
(new type constructor)
e One type constant: e
(meaning “not applied”)
e Help define exact types

designed to capture exact measures

(Types)
(Exact types)

L4 | [Ui]ieI%T| [Ui]z‘ez - T
o|[ ]»Ex
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TOWARD EXACT TYPING

e Persistent elements
(remain in the NF)
e Consuming elements

(used during eval.)

ex: (A\z.yazrer)az —g yazaz

e Explicit persistent arrow: -
(new type constructor)
e One type constant: e
(meaning “not applied”)
e Help define exact types

designed to capture exact measures

(Types)
(Exact types)

o, T
Ex

L4 | [Ui]ieI%T| [Ui]z‘ez - T
o|[ ]»Ex

T'kt: 7 exact when 7 exact & only exact types in T’

app

TUI UL ®
AT.TUL U ;@

Ayr.xuiug ;e

Exact bounds in Ap

D. Kesner - P. Vial

dom([ | »Ex) =[]  #lel[ee]...
~> head args. are not typed

u1 and uz not typed anymore

app
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RULES

THGH ¢ 7
11
[ 1
number size of the
of B-steps norm. form
Idea:

counting — gives ¢

counting - gives f

(ax)
z : [o] FOD 4. o
D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
abs og
D HELI=#D Ag ¢ [o5)ier = 0 LHEMAD Azt e (¢s)
&) ¢ F A FCusfu) u : dom(F) Tk F(Cx fx) t:TE)keK

Cotlurfot Fut#5F) (apps) Tkl k) "
D+ A RCeHba et fut#0F) 4y 2 codom(F) D FCEREe b e FE) ¢ [y ]y g

with F arrow, #,7 =7 = 0 and #,? »7 = 1.

Systems Xhﬁ/lo
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Focus on...

Variables
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D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
abs og
D HELI=#D Ag ¢ [o5)ier = 0 LHEMAD Azt e (¢s)
CHED o F o AR Su) 4 dom(F) (T FC I ¢ Ve g

(apps) A
T+ A Gt fet fut#eF) ¢4y codom(F) +1. T IFFRbeotrdi) ¢ [ ]y e i

with F arrow, #,7 =7 = 0 and #,? »7 = 1.

Systems Xhﬁ/lo
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Focus on...

(ax)

z : [o] FOD 2. 6

cxisandf. ~ =0

-z is of size ~ f =1

———(ax)
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D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
abs og
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&) ¢ F A FCusfu) u : dom(F) Tk F(Cx fx) t:TE)keK
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with F arrow, #,7 =7 = 0 and #,? »7 = 1.

Systems Xhﬁ/lo

Exact bounds in Ap D. Kesner - P. Vial 17 /22



RULES

Focus on...

———(ax)
z : [o] FOD 4. o
D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
abs og
D HELI=#D Ag ¢ [o5)ier = 0 LHEMAD Azt e (¢s)
&) ¢ F A FCusfu) u : dom(F) Tk F(Cx fx) t:TE)keK

(apps) A
T+ A Gt fet fut#eF) ¢4y codom(F) +1. T IFFRbeotrdi) ¢ [ ]y e i

with F arrow, #,7 =7 = 0 and #,? »7 = 1.

Systems Xhﬁ/lo

Exact bounds in Ap D. Kesner - P. Vial 17 /22



RULES

Focus on...

Consuming abstractions

used to type the abs. of redexes
(initial or created)

e.g., I and Az.y in (I(A\z.y))A

(nf=y)
————— (ax)
z : [o] FOD 4. o
T,z : [oi]ier FEND o (abs) T,z : [oi]icr & ¢ Ex [oilier exact
abs .
T EEFLF=#D) \pp loilier = o THEGHD) Nyt (05)
DHEID ¢ F o ARG Sw) 4 dom(F) (g I ¢ ) e

ot bu Fot Fut o F) (epps) (Feletifn) "
D+ A RCeHba et fut#0F) 4y 2 codom(F) + D FTRSRTRIE) ¢ (] e i

with F arrow, #,7 =7 = 0 and #,? »7 = 1.

Systems Xhﬁ/lo
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RULES

Focus on...

Consuming abstractions
g D,az:[oiiecr FOD t: o

used to type the abs. of redexes D EEHL —#D) apy [0ilicr — o
(initial or created)

(abs)

- Az.t contributes to 1 step ~» £ <« ¢ + 1
e.g, I and Az.y in (I(Az.y))A -all the occ. of z will be subst. ~ f <+ f — |I|

(nf=y)

(ax)

z : [o] FOD 4. o

D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
abs .
D HELI=#D Ag ¢ [o5)ier = 0 LHEMAD Azt e (¢s)

DHEID ¢ F o ARG Sw) 4 dom(F) (g I ¢ ) e
(apps) A
T+ A Gt fet fut#eF) ¢4y codom(F) +1. T IFFRbeotrdi) ¢ [ ]y e i

with F arrow, #,7 =7 = 0 and #,? »7 = 1.

Systems Xhﬁ/lo
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Focus on...

Persistent abstractions

used to type the unused abs.

e.g., Az.u in I(Az.u)

———(ax)
z:[o]FOD 2. o
D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
abs og
D HELI=#D Ag ¢ [o5)ier = 0 LHEMAD Azt e (¢s)
DHEID ¢ F o ARG Sw) 4 dom(F) (g I ¢ ) e
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Exact bounds in Ap D. Kesner - P. Vial 17 /22
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Focus on...

Persistent abstractions T, : [oiicr Dt Ex  [oilier exact
used to type the unused abs. TEEMHD) \pt. o (es)
e.g., Az.u in I(Az.u) - Az.t not fired ~» £ unchanged
- Az remains in n.f. ~ f <« f+1
- “[o;]ier exact” depends on hd/lo
———(ax)
z : [o] FOU 2. o
D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
abs (o5)
T EEFLF=#D) \pp loilier = o THEGHD) Nyt
Pl . 7 ARCefu) u : dom(F) Tk (o fr) t:TE)keK
PPs) A

(ay
T+ A Gt fet fut#eF) ¢4y codom(F) +1. T IFFRbeotrdi) ¢ [ ]y e i

with F arrow, #,7 =7 = 0 and #,? »7 = 1.

Systems Xhﬁ/lo
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Focus on...

Applications

persistent or not
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Focus on...

Applications ) . F A FEusfu) 4 : dom(F)
persistent or not C+A et ot Fut #pF) 1 g, - codon(F) (apps)
-reds step counted in abs
~ foas 40
- f ~» +#pF (:= pers?l1:0)
———(ax)
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D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
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Focus on...

Applications el . F A IFCusfu) o dom(F)
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-reds step counted in abs
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Focus on...

Applications [ HCef) ¢ 7 A s fu) o dom(F)
persistent or not T4 A FCHu ferfut#teF) ¢ . codon(F) (apps)
-reds step counted in abs
s 0 es 1 0 Az.r:[oilicr—T  (s:0;)
f ~ +#F (:=pers?1:0) (Az.r)s: T
+ 0 (no pers. @ created)
———(ax)
z : [o] FOU 2 o
D,z fogics FED t:o (abs) D,z fog)ier FOP ¢t Ex  [o3]ier exact
abs og
D HELI=#D Npt 2 foilier — 0 CHEAD Apt: o (¢5)
Pl . 7 ARCefu) u : dom(F) Tk (ko Fi) t:TE)keK

(apps) A
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(Az.z(xx))I RELOADED

used to type
the persistent
occ. of I

Azz(xz))I >p I(II) »>p IT —n I

- blue: persistent
- red: consuming

I:[F]l-F 1I:F

1:[F]—>F II:F

I(II): F
Typing I(11)

z:[F]-»F z:F

z: [F]—F zx: F
z(zz): F y: F y: F y:o
Az.z(zz) : [[F]—F,|F]—F, F|-F I:[F]—F I:[F]—=F I:F

(Az.z(zx))I: F

Exact bounds in Ap D. Kesner - P. Vial 18 /22
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occ. of I

Azz(xz))I >p I(II) »>p IT —n I
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(Az.z(x z))I RELOADED

used to type
the persistent
occ. of I

Azz(xz))I >p I(II) »>p IT —n I

- blue: persistent

- red: consuming I:e
I: :e
I(II):e
- Typing I(11)
z:[e]ve x:e
: [o] —e Tx:e
z(zxz):e y:e y:e y:e
Az.z(zx) : [[0]—e, [0]—e, 0] e I:[e]—e I:[e]—e I:e

(Az.z(zz))I: e

Exact bounds in Ap D. Kesner - P. Vial
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(Az.z(x z))I RELOADED

used to type
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occ. of I

Azz(xz))I >p I(II) »>p IT —n I
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used to type
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occ. of I
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(Az.z(x z))I RELOADED

used to type
the persistent
occ. of I

Azz(xz))I >p I(II) »>p IT —n I

- blue: persistent
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I: ce
I(II):e
- Typing I(11)
z:[e]ve x:e
T : [e]—e TT:e
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(Az.z(zxz))I:eo \ /
consumingly
typed

(with rule (abs))
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A
PROPERTIES OF th/lo

o Exact Intersection: [0;]icr exact iff the o; are exact.
o Exact judgment: T %) t:Ex with I'(z) exact for all .

o Exact derivation: ccl with tight judg. (local criterion).

no need to look inside deriv.
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o Exact Intersection: [0;]icr exact iff the o; are exact.
o Exact judgment: T %) t:Ex with I'(z) exact for all .

o Exact derivation: ccl with tight judg. (local criterion).

no need to look inside deriv.

Theorem (H/WN)

Let t € A. Then:
DEOD o7 exact  iff o t =y, t' head/full n.f.

L4 |tl|hd/lo =f

Idem for SN and a maximal reduction strategy.

- Just modify dom(F) with domuy([] — 7) = [e]
- Erasable args must now be typed
- Specify the size of what is erased in t
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CAPTURING EXACT MEASURES IN Au (S = hd, 1o, mx)

Let S € {hd,lo,mx} (~ S-exactness for inter. and union types)

r=E™H gy A
. ©0n . (ax) ¢ ")
x: U]+ z:U|D r=@m.f [a}t|AVa:U(
T l_(e,m,f) t : UExg | A F(x) S — exact )
og
C\a O™ Nat: (o) | A
rEEmH | A a:U v=uy'
I E(Emtar (V). f+itep@)) poc: V| A ()
I, l_(et,mt,ft) t:F | At T |F(Z“’mu’fu) u: doms(]‘—) | Au
(apps)

Iy AT, FEtbwmetmu, fotfut#eF) 4 . codom(F) | Ar VA,
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. ©0.0 .. (ax) c ()
ZZ?[U]" .’IZZ/l|(D F'_(E,m,f) [a}t|AVa:L[(
LHE™H ¢ UExs | A T(x) S — exact )
(X
D\ ™D xg i (o) | A
rrEmh el Aot v=Uu'
[ REmtarM)fite @) o 0o p | A (1)
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Let S € {hd,lo,mx} (~ S-exactness for inter. and union types)

rEE™D ¢y A

(c
rH&emH [a]t | Ava:U
type U stored in o via V

rEE™D el Ao vV=Uu'
I = (Emtar(V), f+1+eU)) poc: V| A (1)
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o U" = transforms top-level - into — (top-level = not nested in [])
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Let S € {hd,lo,mx} (~ S-exactness for inter. and union types)

rEE™D ¢y A (
C
L HE™D )t | Ava U
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cp(U) counts how many
persistent app. po.c will create

o U" = transforms top-level - into — (top-level = not nested in [])
e.g., ((Z+W)=([8]»9))" = [(ZT»V)] (8] %) with & = (s).
@ cp(U) = counts top-level - (= number of future pers. @Q-nodes)

e.g., cp((Z-»0,7 — (I-»(T»e)),®)) =3
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PARAMETRIZATION

o Parametrized system (exact types + domains)

Exact types Domains
(spec. mormal forms) (spec. if erasable args are typed)
e hd: empty domains ° domhd/lo([] —U) =]
o lo/mx: singleton domains o domyx([] = U) =singleton
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o Parametrized system (exact types + domains)

Exact types Domains
(spec. mormal forms) (spec. if erasable args are typed)
e hd: empty domains ° domhd/lo([] —U) =]
o lo/mx: singleton domains o domyx([] = U) =singleton

let S € {hd,lo,mx} and ¢ a Au-term. Then:

t —)g{’m) t' a S-NF with |t/‘5 =f (f — e when S = mx)
iff T =™ ¢ | A tight for some T, U, A

(Bonus: completely factorized proofs!]
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DoGcaGy BAG

Non-idempotency:
forbid duplication of typing deriv.
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Non-idempotency:
forbid duplication of typing deriv.

Very simple
operational semantics

Simple proofs of termina-
tion.

typing brings quali. and quanti. charac.
Persistence Exact measures
vs. consumption (eval. length + n.f. size)

T : Activation operator
[Classmal logic ] p )
persistent ~» consuming

Sec. 3.2

Future work:

Mufi (seq. cale.)? Call-by-push-value?
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